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Experimental validation of theoretical models for the frequency response
of atomic force microscope cantilever beams immersed in fluids

James W. M. Chon and Paul Mulvaney
School of Chemistry, University of Melbourne, Parkville, 3052, Victoria, Australia
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Detailed measurements of the frequency responses of a series of rectangular atomic force
microscope~AFM! cantilever beams, immersed in a range of fluids, have been performed to test the
validity and accuracy of the recent theoretical model of Sader@J. Appl. Phys.84, 64 ~1998!#. This
theoretical model gives the frequency response of a cantilever beam, that is immersed in a viscous
fluid and excited by an arbitrary driving force. Very good agreement between experimental
measurements and theoretical calculations is found for all fluids considered. Furthermore, a critical
assessment of the well-known inviscid model is presented, which demonstrates that this model is not
applicable to AFM cantilever beams in general. ©2000 American Institute of Physics.
@S0021-8979~00!02007-7#
ns
d

ra
t
u
fr
t

ni

s
rd

i

f
yt
re
s
e

l
f

u
sc
s

ior
.e

th
su
n

by
e
all

or-
alid
n-

tire

al

er-

th

in-

the

in

-
l
of

nce
peri-

ma
I. INTRODUCTION

It has long been recognized that the frequency respo
of atomic force microscope~AFM! cantilever beams depen
strongly on the fluids in which they are immersed.1–11 Ex-
perimental measurements show that the frequency spect
these cantilever beams broaden significantly and shif
lower frequencies when they are placed in fluid. In partic
lar, when the cantilevers are placed in air, the resonant
quencies are reduced typically by a few percent, whereas
quality factors exhibit reductions of three orders of mag
tude from their values in vacuo.1,2,4,8,11Immersions in liquid
result in even greater changes to the frequency respon
with resonant frequencies and quality factors being an o
of magnitude smaller than their corresponding values
air.2,3,5–10

Unlike the calculation of the resonant frequencies o
cantilever beam in vacuo, which can be performed anal
cally in many cases of practical interest, the frequency
sponse of a cantilever beam immersed in a fluid pose
formidable challenge. At present, several theoretical mod
exist for its calculation.3,10,12–20The most simplistic mode
makes the heuristic analogy with the dynamical motion o
sphere through a viscous fluid.2,3,8,20 Despite its physically
dubious foundations, this model has been used widely
many fields and applications. A second, more rigoro
model, assumes that the cantilever is immersed in an invi
fluid,10,12–19i.e., a fluid with zero viscosity. This model ha
found great utility in explaining and predicting the behav
of macroscopic cantilever beams immersed in fluid, i
beams of length;1 m. The applicability of such inviscid
formulations to AFM cantilever beams, however, has hi
erto not been rigorously established. Indeed, it has been
gested that the implementation of such inviscid formulatio
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can lead to significant errors.4 This provided the motivation
for the development of the recent theoretical model
Sader,21 which included the effects of fluid viscosity for th
first time. The theoretical model presented in Ref. 21 sh
henceforth be referred to as theviscous model. In contrast to
the models discussed earlier, this theoretical model rig
ously accounts for the true geometry of the beam and is v
for a fluid of arbitrary density and viscosity. The fundame
tal assumptions of the viscous model are:

~1! The beam has a uniform cross section over its en
length;

~2! The lengthL of the beam greatly exceeds its nomin
width b;

~3! The beam is an isotropic linearly elastic solid and int
nal frictional effects are negligible;

~4! The amplitude of vibration is far smaller than any leng
scale of the beam;

~5! The fluid is incompressible in nature.

All these criteria are satisfied in many cases of practical
terest, as was discussed in Ref. 21.

The above criteria were also used in the derivation of
well-known inviscid result due to Chu,12 for a cantilever
beam of rectangular cross section immersed in a fluid

vfluid

vvac
5F11

prb

4rch
G21/2

, ~1!

wherevfluid and vvac are the radial resonant frequencies
fluid and vacuum, respectively,r is the density of the fluid,b
andh are the width and thickness of the beam, andrc is the
density of the beam.22 This model shall henceforth be re
ferred to as theinviscid model. We emphasize that this mode
gives no information about the total frequency response
the beam, but only indicates the positions of the resona
peaks. Nonetheless, good accuracy in comparison to ex
il:
8 © 2000 American Institute of Physics
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mental measurements of macroscopic cantilevers has
demonstrated, the details of which are presented in Ref.

In this article, we give a detailed assessment of the
curacy and validity of the viscous model and the invisc
model, when applied to rectangular AFM cantilever bea
that are immersed in fluid. Cantilever beams with rectangu
cross sections are chosen for this comparison, since the
angular geometry is commonly encountered
practice.1,3–6,9–11As our benchmarks, we measure the fr
quency responses of two sets of cantilever beams. The
set of cantilever beams are exactly rectangular in geom
and present an ideal system, whereas the second set
irregular and, hence, nonideal properties. Conseque
measurements on these two sets of cantilever beams e
us to assess the accuracy of the theoretical models, and
amine their validity under ideal and nonideal condition
This is particularly important since many cantilever bea
encountered in practice are not exactly rectangular
geometry.1,5,10 To investigate the validity of the theoretica
models under a wide range of conditions, we present res
for cantilever beams immersed in six different media: vac
air, acetone, water, 1-butanol, and carbon tetrachloride.

We commence by summarizing the principal results a
formulas for the viscous model in Sec. II. In Sec. III w
outline the experimental procedures and methodologies,
details of which are given in the Appendix. This will b
followed by a detailed comparison of the experimental a
theoretical results in Sec. IV. Finally, we will summarize t
principal findings of the investigation in Sec. V.

II. VISCOUS MODEL

In this section, we summarize the principal results of
viscous model.21 As discussed earlier, this model gives t
frequency response of a cantilever beam, that is excited
an arbitrary driving force and immersed in a viscous flu
The assumptions implicit in this model are listed earlier. W
focus on beams of rectangular cross section~see Fig. 1!, but
stress that the viscous model is applicable to beams of a
trary cross section.

To begin, we note that the parameter which character
the importance of viscous effects is the Reynold’s num
Re, which is defined by

FIG. 1. Figure of rectangular beam showing dimensions. Thickness of b
is h. The origin of the coordinate system is at the center of mass of the c
section of the beam, at its clamped end.
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Re5
rvb2

4h
, ~2!

wherer andh are the density and viscosity of the fluid,b is
the width of the beam~see Fig. 1!, andv is a characteristic
radial frequency of vibration. We emphasize that in the lim
as Re→`, the fluid can be considered to be inviscid in n
ture, and the fluid viscosity does not affect the frequen
response. However, for finite values of Re, the viscosity c
have a significant influence, and is predicted to do so
AFM cantilever beams.21

The general formula for the frequency response of a c
tilever beam, that is immersed in a viscous fluid and exci
by an arbitrary driving force is

Ŵ~xuv!5E
0

1

G~x,x8uv!ŝ~x8uv!dx8, ~3!

where Ŵ(xuv) is the Fourier transform of the deflectio
function of the beam,G(x,x8uv) is the Green’s function of
the cantilever beam,ŝ(x8uv) is the Fourier transform of the
normalized driving force, andx, x8 are the normalized spatia
coordinates that run along the length of the beam~see Fig.
1!.

The properties of the beam and the fluid are specifi
within the Green’s function, by way of a functionB(v)
which is defined by

B~v!5C1A v

vvac,1
F11

prb2

4m
G~v!G1/4

, ~4!

wherevvac,1 is the fundamental radial resonant frequency
the beam in vacuum,m5rcbh is the mass per unit length o
the beam,22 andC151.875 104... is the smallest positive ro
of 11cosC1 coshC150. The functionG~v! is termed the
‘‘hydrodynamic function’’ and it depends purely on the cro
section of the beam and the Reynold’s number Re. An
plicit analytical expression forG~v! for a beam of rectangu
lar cross section is given in Eq.~20! of Ref. 21; this formula
is derived under the assumption that the widthb greatly ex-
ceeds the thicknessh of the beam, which is the case mo
often encountered in practice. This formula is used in
calculations presented in this article.

For reasons to be discussed in the following sectio
experimental results will only be given for the thermal noi
spectra of the cantilever beams. The corresponding theo
cal formulas are

uŴ~xuv!us
25

3pkBT

k (
n51

` uan~v!u2

Cn
4*0

`uan~v8!u2dv8
fn

2~x!, ~4a!

U]Ŵ~xuv!

]x
U

s

2

5
3pkBT

k (
n51

` uan~v!u2

Cn
4*0

`uan~v8!u2dv8
Fdfn~x!

dx G2

,

~4b!

where the subscripts refers to the spectral density,k is the
spring constant of the beam,kB is Boltzmann’s constant,T is
absolute temperature, andCn is the nth positive root of 1
1cosCn coshCn50. Equation~4a! gives the power spectra
density of the deflection function of the beam, whereas
~4b! is the corresponding expression for the slope. The fu
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tion fn(x) is the deflection function of moden of the beam,
whereas the functionan(v) depends onB(v), the details of
which are given in Ref. 21.

The viscous model also predicts that in the limit of sm
dissipative effects~i.e., for large quality factors!, the fre-
quency response of each mode of the beam is well appr
mated by that of a simple harmonic oscillator~SHO!. In
these cases, the amplitude response functionA(v) of each
mode is given by the well-known result

A~v!>
A0vR,n

2

A~v22vR,n
2 !21

v2vR,n
2

Qn
2

, ~5!

whereA0 is the zero frequency amplitude of the respon
vR,n is the radial resonant frequency of moden in the ab-
sence of dissipative effects, andQn is the quality factor of
moden. The respective formulas forvR,n andQn in Eq. ~5!
are

vR,n

vvac,n
5F11

prb2

4m
G r~vR,n!G21/2

~6a!

and

Qn5

4m

prb2 1G r~vR,n!

G i~vR,n!
, ~6b!

whereG r and G i are the real and imaginary components
G~v!, respectively, andvvac,n is the radial resonant fre
quency of moden in vacuum.

We emphasize that Eqs.~5! and ~6! are valid for all
displacement and slope spectra, i.e.,A(v)5uŴu, uŴus ,
u]Ŵ/]xu, and u]Ŵ/]xus , and have been derived formally i
the limit of small dissipative effects, i.e.,Qn@1. This limit-
ing formulation of the viscous model shall be hencefo
referred to as theSHO model. The practical limitations of
this model shall be examined in detail in the next section

Finally, we note that in the limit as Re→`, the viscous,
SHO, and inviscid models are identical.

III. MEASUREMENTS

Two sets of cantilever beams are used in this study
schematic depiction of which is given in Fig. 2. The first s
of cantilever beams, henceforth referred to ascalibrated
cantilevers,11,23 are fabricated from undoped and uncoat
single crystal silicon, the material properties of which a
accurately known.11 They have been micromachined to e
sure an exact rectangular geometry, and their dimensions
specified to within a high tolerance by the manufactur
Consequently, these cantilever beams present an ideal
tem, measurements upon which are used to rigorously as
the accuracy of the theoretical models.24 These cantilevers
are denoted C1 and C2~see Fig. 2! and their dimensions an
properties are listed in Table I.

The second set of cantilever beams, henceforth refe
to aspractical cantilevers,5,25 also have a rectangular cros
section. However, these beams do not possess the h
l
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ideal properties of the calibrated cantilevers, and have b
chosen specifically for this reason. In particular, these ca
lever beams are made from low pressure chemical va
deposition~LPCVD! silicon nitride which is coated with a
layer of gold to improve its reflectivity. Consequently, th
material properties and dimensions of these cantilever be
are unknowna priori,4,5 and need to be measured. The d
tails of these measurements are given in the Appendix. F
thermore, the ends of the beams are cleaved and an ima
tip is present~see Fig. 2!. Measurements on these cantilev
beams are used to assess the validity of the theoretical m
els under nonideal conditions, which is of fundamental i
portance in practice. These cantilevers are denoted P1
and their dimensions and properties are also given in Tab

The thermal noise spectra of the two sets of cantile
beams, immersed in a range of fluids were measured.
ensured that other resonances, such as those due to the
tilever holder and acoustic modes in the fluid cell, were n
present in the results.6 Measurements were undertaken wi
the beams immersed in vacuo, air, water, 1-butanol, acet
and carbon tetrachloride (CCl4). These media were chose

FIG. 2. Schematic depiction of the calibrated cantilevers~C1,C2! and prac-
tical cantilevers~P1–P5!.

TABLE I. Lengths L, aspect ratiosL/b, and spring constantsk of the
practical cantilevers~P1–P5! and the calibrated cantilevers~C1,C2!. All
practical cantilevers have identical widths, thicknesses and average d
ties: b520mm, h50.44mm, rc55300 kg m23. All calibrated cantilevers
have identical widths, thicknesses and densities:b529mm, h52 mm, rc

52320 kg m23.

Cantilever
L

~mm!

L

b
k

~N m21!

P1 203 10 0.010
P2 160 8 0.019
P3 128 6 0.038
P4 105 5 0.064
P5 77 4 0.15
C1 397 14 0.16
C2 197 7 1.3
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for their significantly different properties, a listing of whic
is given in Table II.

The measured spectra were fitted to the response
simple harmonic oscillator with an added white noise flo
~see Appendix for details!. In this way, precise values for th
resonant frequencies and quality factors of the modes c
be found. We note, however, that this procedure was
always possible, the reasons for which shall be discus
later. All spectra were measured using the optical deflec
technique. Consequently, only results for the slope of
beam are presented. Details of the experimental setup
methodology are given in the Appendix.

IV. RESULTS AND DISCUSSION

In this section, we assess the accuracy and validity of
theoretical models by presenting a comprehensive and
tailed comparison with experimental measurements.

To begin, we investigate the qualitative effect of placi
a cantilever beam in fluid. Air, acetone, and 1-butanol
used in this initial study, and experimental results for t
thermal noise spectra of the longest practical cantilever
~see Table I! are given in Fig. 3. Only the fundamental res
nance peaks are shown. Note the dramatic effect the liq
have on the frequency response, reducing the resonant
quency by an order of magnitude and significantly broad
ing the spectra; these results are in line with previo
measurements.2,3,5,6,8–10We point out that the densities o
acetone and 1-butanol are almost identical, but their visc
ties differ by an order of magnitude~see Table II!. Further-
more, the frequency spectrum of the P1 practical cantile
immersed in acetone differs greatly from that in 1-butan
Consequently, these measurements indicate that the fluid

TABLE II. Viscositiesh and densitiesr of the five fluids used in this study
All values are at a temperature of 27 °C, which corresponds to experime
conditions used in all measurements.

Fluid
h

~kg m21 s21!
r

~kg m23!

Air 1.86 3 1025 1.18
Acetone 3.083 1024 785
CCl4 8.793 1024 1590
Water 8.593 1024 997
1-butanol 2.473 1023 805
a
r
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cosity can significantly affect the frequency response
AFM cantilever beams and suggest that the viscosity sho
not be neglected in its calculation. The performance, valid
and accuracy of the viscous model in comparison to the
viscid model are examined in detail below. Results for t
calibrated cantilevers and practical cantilevers are prese
separately.

A. Calibrated cantilevers

First, we examine the effects of immersing the calibra
cantilevers in air. In Table III we present a comparison
experimental and theoretical results for the fundamen
resonant frequencies in air and vacuum. The Reynold’s n
bers Re evaluated at the experimentally measured reso
frequencies are also indicated. We emphasize that in all c
the theoretical results for the resonant frequencies in vacu
are obtained from measurements of the frequency spect
air. Results from three different theoretical models are giv

~1! Viscous model. Eq. ~4b! for the slope of the beam is
fitted to the fundamental resonance peak in air, using
radial resonant frequency in vacuumvvac,1as a fitting param-
eter. A nonlinear least squares fitting procedure is used.26

~2! Modified SHO model. This model uses the propert
that the shift in the resonant frequency from vacuum to fl
is primarily due to inertial effects in the fluid.21 From Eq.
~6a! of the SHO model, we then obtain

FIG. 3. ~Color! Plot of thermal noise spectra of longest P1 practical can
lever immersed in air, acetone, and 1-butanol. Only the fundamental r
nance peak is shown. Results are normalized so that the peaks in ai
etone, and 1-butanol are at 1, 0.6, 0.5, respectively.

tal
air
results
ated at

icated in
TABLE III. Fundamental resonant frequenciesf in vacuum and air of the calibrated cantilevers. Subscripts
and vac refer to results in air and vacuum, respectively. Superscripts visc, MSHO, and inv refer to
obtained by the viscous, modified SHO, and inviscid models, respectively. Reynolds numbers Re evalu
the experimental resonant frequencies are shown. Percentage relative shifts from air to vacuum are ind
parentheses.

Experiment Theory

f air f vac f vac
visc f vac

MSHO f vac
inv

Cantilever ~kHz! ~kHz! ~kHz! ~kHz! ~kHz! Re

C1 17.36 17.52 17.53 17.52 17.41 6
~0.92%! ~0.98%! ~0.92%! ~0.29%!

C2 69.87 70.26 70.31 70.31 70.07 26
~0.56%! ~0.63%! ~0.63%! ~0.29%!
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vvac5vfluidF11
prb2

4m
G r~vfluid!G1/2

, ~7!

wherevvac and vfluid are the radial resonant frequencies
vacuum and fluid, respectively. Equation~7! will give virtu-
ally identical results to the viscous and SHO models, p
vided the quality factor greatly exceeds unity,21 which is
typically the case when the cantilever beams are immerse
air, as we shall see below.

~3! Inviscid model. The resonant frequency in vacuum
given by Eq.~1!.

It is evident from the data in Table III that excelle
agreement exists between the experimental measurem
and the theoretical predictions of the viscous model,
~4b!, and the modified SHO model, Eq.~7!. Indeed, these
models give virtually identical results for both cantilev
beams, as was predicted above; the condition that the qu
factors greatly exceed unity is satisfied, as we shall see
low. Furthermore, note that the relative shift in the reson
frequency from vacuum to air increases as the Reyno
number Re is reduced. These results are to be compared
the predictions of the inviscid model, which gives a const
relative shift in frequency of 0.3% for both cantilever beam
These findings demonstrate that viscous effects enhanc
relative shift in frequency from vacuum to air, as was p
dicted in Ref. 21.

Using the viscous model, Eq.~4b!, the resonant frequen
cies of the higher harmonics~i.e., mode 2 and above! in air
can be calculated from a knowledge of the fundamental re
nant frequencies in vacuumvvac,1. In Table IV, the validity
of such calculations is demonstrated for the 2nd harmo
~mode 2! in air, where excellent agreement is found betwe
theoretical and experimental results. These results also s
to demonstrate the highly ideal nature of the calibrated c
tilevers. Measurements of harmonics higher than mod
were precluded by the relatively high spring constants
these cantilevers~see Table I!.

In Table V we compare the theoretical and experimen
results for the quality factorsQ of the fundamental mode
~mode 1! and the 2nd harmonic~mode 2! in air. The theo-
retical results are obtained by substituting the known val
of the resonant frequencies in vacuum27 into Eqs.~6! of the
SHO model; these results are expected to be valid when
quality factor is large. Before discussing the results, we n
that the assumption that the lengthL greatly exceeds the
width b of the beam is implicit in the viscous model. Ther
fore, a reduction in aspect ratioL/b is expected to decreas
the accuracy of the theoretical results. A similar increase
error is also expected as the mode number increases.21 The
results in Table V give the first indication of such effects.

TABLE IV. Resonant frequenciesf of mode 2 of the calibrated cantilever
in air. Subscripts exp and visc refer to results obtained experimentally
from the viscous model, respectively.

Cantilever
f exp

~kHz!
f visc

~kHz!

C1 109.3 109.3
C2 438.5 438.7
-

in

nts
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ity
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t
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particular, note that for the longest cantilever C1~aspect ra-
tio L/b514) the difference between the theoretical and
perimental results for modes 1 and 2 is<1%. Since the
quality factor is measured only to within an accuracy of 1
~see Appendix!, the difference between the theoretical a
experimental results is not discernible in these cases. H
ever, for the calibrated cantilever C2~aspect ratioL/b57)
the errors in the theoretical results are slightly larger: 4%
mode 1, and 10% for mode 2. These findings are in line w
the above discussion, which indicates that decreasing the
pect ratio and increasing the mode number compounds
errors of the model. Even so, the errors in all cases are sm

Next we examine the effects of immersing the long
cantilever C1 in liquid. Results for the fundamental reson
frequencies of this cantilever immersed in acetone, CC4,
water, and 1-butanol are presented in Table VI. Note that
cantilever has a fundamental resonant frequency in vacu
of 17.5 kHz. Consequently, the results in Table VI show th
liquids have a dramatic effect on the frequency respon
resonant frequencies are 2.8–4.5 times smaller than their
ues in vacuum. Also shown in Table VI are the predictio
of the viscous model, Eq.~4b!, the inviscid model, Eq.~1!,
and the SHO model gives the following expression for t
radial resonant frequencyvfluid in fluid,

vfluid5H vR,nA12
1

2Qn
2, if Qn.

1

A2

0, otherwise

, ~8!

where vR,n and Qn are defined in Eqs.~6a! and ~6b!,
respectively.28 Note the good accuracy achieved by the v
cous model in comparison to the experimental measu
ments, with errors not exceeding 5% in all cases. It is int
esting to note that the SHO model gives similar predictio
to the viscous model. However, the finding that better ac
racy is obtained from the SHO model is incidental, since
SHO model is an approximation to the~full ! viscous model
~see Sec. II!. We shall have more to say about the SH
model below. These results for the viscous and SHO mod
are to be compared to the predictions of the inviscid mod
whose errors range from 25% to 101%. Note that these er
correlate directly with the Reynold’s number Re; a reduct
in Re corresponds to an increase in error. This finding s
ports the claim that the omission of viscous effects is prim
rily responsible for the error in the inviscid model. We al
point out that qualitative disagreement occurs between
inviscid results and the experimental measurements in s
cases. For example, the experimental measurements s
that the resonant frequency in water is greater than tha

d
TABLE V. Quality factorsQ of the calibrated cantilevers in air for modes
and 2. Subscripts exp and SHO refer to results obtained experimentally
from the SHO model, respectively.

Cantilever

Mode 1 Mode 2

Qexp QSHO Qexp QSHO

C1 55.5 55.0 170 169
C2 136 131 395 357
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1-butanol, whereas the inviscid model predicts exactly
opposite behavior. These results demonstrate that the re
tion in the resonant frequency from water to 1-butanol
primarily due to the difference in the viscosities of the li
uids. These findings also agree with theoretical prediction21

which indicate that viscous effects enhance the shift in
quency from vacuum to liquid.

In Table VII we present the corresponding results for
fundamental resonant frequencies of the shorter cantile
C2, whose resonant frequency in vacuum is 70.3 kHz. Ag
we find good agreement between the experimental meas
ments and the predictions of the viscous and SHO mod
We note, however, that the errors in the viscous model
slightly larger than those obtained for the C1 cantilever. T
finding is consistent with a reduction in aspect ratioL/b,
which is expected to reduce the accuracy of the mo
Nonetheless, the errors in the viscous model are small in
cases~<8%!. Again we emphasize that the better agreem
generally exhibited by the SHO model is incidental and c
not be guaranteed for reasons discussed earlier. In contra
the predictions of the viscous and SHO models, we find t
the accuracy of the inviscid model improves for the C2 c
tilever in comparison to the C1 cantilever; errors betwe
8% and 31% are found here. This improvement in accur
can be understood by noting that the Reynold’s numbers
the C2 cantilever are significantly larger than those for
C1 cantilever~compare Tables VI and VII!, indicating that
viscous effects are less important here. We note that the

TABLE VI. Fundamental resonant frequenciesf of the C1 calibrated canti-
lever in liquid. Subscripts exp, visc, SHO, and inv refer to results obtai
experimentally and from the viscous, SHO, and inviscid models, res
tively. Reynolds numbers Re evaluated at the experimental resonan
quencies are shown. Percentage relative errors with respect to experim
results are indicated in parentheses.

Fluid
f exp

~kHz!
f visc

~kHz!
f SHO

~kHz!
f inv

~kHz! Re

Acetone 6.35 6.17 6.29 7.96 21
~3%! ~1%! ~25%!

CCl4 4.22 4.00 4.16 5.91 10
~5%! ~1%! ~40%!

Water 5.04 4.79 4.99 7.22 8
~5%! ~1%! ~43%!

1-butanol 3.93 3.79 4.14 7.88 2
~4%! ~5%! ~101%!

TABLE VII. Fundamental resonant frequenciesf of the C2 calibrated can-
tilever in liquid. Details as in Table VI.

Fluid
f exp

~kHz!
f visc

~kHz!
f SHO

~kHz!
f inv

~kHz! Re

Acetone 29.5 28.0 28.1 31.9 99
~5%! ~5%! ~8%!

CCl4 20.8 19.4 19.7 23.7 50
~7%! ~6%! ~14%!

Water 25.2 23.5 23.8 29.0 39
~7%! ~6%! ~15%!

1-butanol 24.1 22.1 22.9 31.6 10
~8%! ~5%! ~31%!
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viscid model is expected to be valid in the limit Re→`, and
will give identical results to the viscous and SHO models
that case.

In Table VIII we present results for the fundament
mode quality factors of the cantilevers in liquid. In all case
note the very good agreement between the experime
measurements and the theoretical results of the SHO mo
Good agreement between the SHO model and experime
results was also obtained for the resonant frequencies in
uid ~see Tables VI and VII!. Consequently, the results give
in Tables VI, VII, and VIII, indicate that if the quality facto
Q*1, then the SHO model is valid, which is particular
interesting given that the SHO model is derived formally
the limit of very large quality factors, i.e.,Q@1.

B. Practical cantilevers

We now turn our attention to thepractical cantilevers,
which are not perfectly rectangular in geometry, and con
quently assess the validity of the theoretical models un
such nonideal conditions. In Table IX we examine the effe
of immersing the cantilevers in air. Theoretical results for t
resonant frequencies in vacuum have been calculated u
the measured spectra in air; details of these calculations
identical to those used in Table III for the calibrated canti
vers. Even under these nonideal conditions, we still obse
good agreement between the experimental measuremen
vacuo and the theoretical predictions of the viscous and S
models. These results also show that the viscous and S
models are accurate if the aspect ratioL/b.4,29 even though
these models are derived formally in the limit asL/b→`. In
contrast to the predictions of the viscous and SHO mod
the inviscid model predicts a constant relative shift of 0.4
in the resonant frequency for all cantilevers, which clea
contradicts the experimental measurements.

In Table X, we present results for the resonant frequ
cies in air of mode 2. The theoretical results have been
culated from the fundamental resonant frequencies
vacuum, using the viscous model. Note that good agreem
between theoretical and experimental results is obtaine
all cases. However, the theoretical results do not display
same accuracy that was exhibited for the calibrated can
vers ~see Table IV!. This is to be expected, since the can
levers do not have an ideal geometry. The discrepancies
hibited here are consistent with the presence of an imag
tip, which will increase the ratio of the resonant frequency
mode 2 to that of mode 1. Nonetheless, these results indi
that the imaging tips and the cleaved ends of the cantilev
do not exert a large influence on the frequency respon
since the errors are small in all cases.

Corresponding results for the quality factors of the fu
damental mode and the 2nd harmonic in air are given
Table XI. Note the good agreement between the theoret
and experimental results, with errors not exceeding 4%
mode 1, and 9% for mode 2. We point out, however, that
errors for mode 2 are approximately independent of the
pect ratioL/b. This finding is inconsistent with the expecta
tions of the theoretical model, whose error should increas
the aspect ratio is reduced, as was observed for the calibr
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cantilevers. Therefore, these results also indicate that the
aging tips and cleaved ends may be exerting a small
significant influence.

Next we examine the validity of the theoretical mode
when the practical cantilevers are immersed in the four
uids. In Fig. 4 we plot the errors in the viscous, SHO, a
inviscid models for the resonant frequencies in liquid
modes 1 and 2. The error is plotted as a function of
Reynold’s number Re, which has been evaluated at the
perimentally measured resonant frequencies. Conseque
each plot contains results for all five cantilevers immersed
the four liquids. The straight solid lines in Fig. 4 indica
exact correspondence between theory and experimen
Fig. 4~a! we present results for the viscous and inviscid mo
els. Note that the error in the inviscid model depends prin
pally on the Reynold’s number Re, with all results collapsi
onto a single curve. These results clearly demonstrate
the error in the inviscid model is mainly due to the neglect
fluid viscosity since a decrease in the Reynold’s numbe
accompanied by an increase in error. These results are
compared with those of the viscous model, which disp
good accuracy for all cantilevers and liquids. Interesting
however, the errors in all these cases are approximately
stant~;10%! despite the varying aspect ratios of the can
levers. As discussed earlier, this behavior indicates that
imaging tip and cleaved ends may be affecting the freque
response. We shall examine this possibility further belo
Also note that the results of the inviscid and viscous mod
approach one another at large Reynold’s numbers. Thi
expected, since these models are identical in the limit
Re→`.

TABLE VIII. Fundamental quality factorsQ of the calibrated cantilevers in
liquid. Subscripts exp and SHO refer to results obtained experimentally
from the SHO model, respectively.

Fluid

Cantilever C1 Cantilever C2

Qexp QSHO Qexp QSHO

Acetone 2.9 3.0 5.1 5.3
CCl4 2.0 2.1 3.7 3.7
Water 2.0 2.0 3.7 3.5
1-butanol 1.2 1.3 2.2 2.2
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In Fig. 4~b! we present analogous results for the SH
model. The results for the inviscid model are also shown a
the scaling of the axes is identical to Fig. 4~a! to facilitate
comparison. These results show that the SHO model g
similar accuracy to the viscous model in the majority
cases, with the exception occurring at low Reynold’s nu
bers. We note that if Eq.~6b! gives a quality factorQ
<1/A2, then the SHO model will predict that the resona
frequency is zero@see Eq.~8!#. This contrasts with the pre
dictions of the viscous model~from which the SHO is de-
rived!, which indicate that the resonant frequency is ne
zero~see Ref. 21 for details!. This erroneous behavior of th
SHO model explains the increase in error at low Reynol
numbers observed in Fig. 4~b!; note that the downturn in
accuracy occurs when Eq.~6b! gives a quality factorQ&1.
We also point out that at the two left most points in Fig. 4~b!
@where Eq.~6b! produces a quality factorQ,1], we were
unable to fit the experimental spectra to the response
SHO~see Appendix!. This supports the theoretical predictio
of the viscous model that the frequency response of a ca
lever beam differs from that of a SHO in such cases.21

The analogous comparison between theory and exp
ment for the quality factors of modes 1 and 2 in liquid
given in Fig. 5. As for the calibrated cantilevers, we aga
find good agreement between the theoretical prediction
the SHO model and the experimental results. However, s
we were unable to fit the response of a SHO to the meas
spectra in cases where Eq.~6b! gave a quality factorQ,1,
results for these cases do not appear in Fig. 5.

d
TABLE X. Resonant frequenciesf of mode 2 of the practical cantilevers in
air. Subscripts exp and visc refer to results obtained experimentally
from the viscous model, respectively.

Cantilever
f exp

~kHz!
f visc

~kHz!

P1 65.78 65.35
P2 99.72 98.63
P3 152.7 151.6
P4 235.8 232.2
P5 409.7 404.3
in
TABLE IX. Fundamental resonant frequenciesf in vacuum and air of the practical cantilevers. Details as
Table III.

Cantilever

Experiment Theory

Re
f air

~kHz!
f vac

~kHz!
f vac

visc

~kHz!
f vac

MSHO

~kHz!
f vac

inv

~kHz!

P1 10.31 10.50 10.54 10.53 10.35 0.4
~1.8%! ~2.2%! ~2.1%! ~0.4%!

P2 15.61 15.84 15.89 15.89 15.67 0.6
~1.5%! ~1.8%! ~1.8%! ~0.4%!

P3 24.03 24.34 24.40 24.39 24.13 1.0
~1.3%! ~1.5%! ~1.5%! ~0.4%!

P4 36.85 37.24 37.33 37.32 37.00 1.5
~1.1%! ~1.3%! ~1.3%! ~0.4%!

P5 64.26 64.80 64.96 64.95 64.51 2.6
~0.9%! ~1.1%! ~1.1%! ~0.4%!
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FIG. 4. Plot of f theory/ f exp ~f is the resonant frequency! where theory and
exp refer to results obtained theoretically and experimentally, for mod
and 2 of all the practical cantilevers immersed in the four liquids. Res
plotted as a function of the Reynold’s number Re evaluated at the ex
mental resonant frequencies in liquid, for~a! the viscous and inviscid mod
els, ~b! the SHO and inviscid models. The straight line indicates exact c
respondence between theory and experiment.

TABLE XI. Quality factorsQ of the practical cantilevers in air for modes
and 2. Subscripts exp and SHO refer to results obtained experimentally
from the SHO model, respectively.

Cantilever

Mode 1 Mode 2

Qexp QSHO Qexp QSHO

P1 17.6 17.3 62.7 58.9
P2 22.7 23.1 83.2 75.8
P3 31.2 30.9 107 97.7
P4 41.7 41.0 136 125
P5 60.3 58.3 184 169
The good agreement between the experimental meas
ments and theoretical calculations of the SHO model for
resonant frequencies and quality factors of both sets of c
tilevers~see Figs. 4 and 5, and Tables III, V–IX, XI!, estab-
lishes the validity of the SHO model in cases where Eq.~6b!
predicts a quality factorQ*1. For other cases, the analog
with the response of a SHO is invalid.

C. Thermal noise spectra

We now present a comparison of theoretical and exp
mental results for the thermal noise spectra. The long
practical cantilever P1 is employed in this comparison. T
cantilever has the smallest spring constant of all cantilev
~see Table I!, and accordingly produces the greatest therm
noise. This feature provides the rationale for its selecti
Even in this optimal case, however, the sensitivity of t
experimental apparatus restricts the frequencies over w
the thermal noise spectrum of the cantilever can be m
sured, as we shall discuss below. Since measurements
performed using the optical deflection technique, we o
present results for the slope of the beam. Consequently,
~4b! of the viscous model is used in all theoretical calcu
tions. Results for the thermal noise spectrum of the end
the cantilever are given. These results are normalized so
the peak of the fundamental resonance is at unity.

In Fig. 6~a! we compare theoretical and experimen
results for the thermal noise spectrum of the P1 cantile
immersed in air. The resonance peaks for modes 1 and 2
shown. Note the good agreement between theory and ex
ment in the neighborhood of each resonance peak. Howe
away from the resonance peaks, discrepancies exist betw
the theoretical and experimental results. These discrepan
are believed to be due to limitations in the sensitivity of t
experimental apparatus. To investigate this possibility,
inspected the experimental noise spectrum of the cantile
within the frequency range 220–280 kHz and found it to

1
s
ri-

r-

FIG. 5. Plot of quality factorsQSHO vs Qexp for modes 1 and 2 of the
practical cantilevers immersed in the four liquids. Subscripts exp and S
refer to results obtained experimentally and using the SHO model.
straight line indicates exact correspondence between theory and experi

nd
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white in nature. Indeed, in the absence of the cantilever,
noise spectrum of the experimental apparatus was foun
be white at frequencies exceeding;5 kHz.30 Consequently,
we measured the white noise level of the cantilever at
kHz and included it in the calculation of the power spect
density of the cantilever in the frequency range 0–100 k
The result of this modification is given in Fig. 6~b!, where
the prediction of the theoretical model is virtually indisti
guishable from the experimental measurement. At frequ
cies below;1 kHz, 1/f noise is the dominant noise source
the measurement.

Corresponding results for the thermal noise spectrum
the P1 cantilever immersed in water are presented in
7~a!. Again, results are given for frequencies spanning
resonance peaks of modes 1 and 2. The discrepancies i
resonant frequencies, which were discussed earlier,
clearly visible in these results. Nonetheless, apart from
small shift in frequency~;10%!, the theoretical calculation
and experimental measurements compare favorably.
lower quality factors and resonant frequencies in this c
ensured that the ultimate sensitivity of the experimental
paratus was not reached in these measurements.

We now investigate the possibility that the discrepanc
in the resonant frequencies in Fig. 7~a! may be due to the

FIG. 6. ~Color! Thermal noise spectrum of the slope at the end of the
practical cantilever immersed in air. Results obtained experimentally~red
curve! and using the viscous model~blue curve! are shown. Results are
normalized so that the peak of the fundamental resonance is at unity~a!
White noise floor in measurements neglected in the theoretical calculat
~b! White noise floor measured at 250 kHz included in the theoretical
culations.
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effects of the imaging tip. To begin, we note that immersi
in water increases the effective mass of the cantilever by
order of magnitude. Consequently, in water the ratio of
tip mass to the total mass of the cantilever will be an orde
magnitude smaller than its corresponding value in air. The
fore, the cantilever is effectively tipless when it is immers
in water in comparison to air. Since the tipless vacuum f
quency is expected to be higher than the tipped value, bu
not experimentally accessible, we artificially increased
fundamental vacuum frequency of the cantilever by;10%.
Calculations based on this modified vacuum frequency
given in Fig. 7~b!, together with the experimental measur
ments. Note the very close correspondence between th
and experiment in this case. We emphasize, however,
this demonstration does not prove that the small discrep
cies in frequency are due to the effects of the imaging tip,
merely indicates that the possibility exists. Other possi
sources include errors in calibration and finite aspect ra
effects.

V. SUMMARY AND CONCLUSIONS

Detailed experimental measurements of the freque
responses of two sets of rectangular AFM cantilever bea
immersed in a range of fluids, have been presented. One

1

s.
l-

FIG. 7. ~Color! Thermal noise spectrum of the slope at the end of the
practical cantilever immersed in water. Results obtained experimentally~red
curve! and using the viscous model~blue curve! are shown. Results are
normalized so that the peak of the fundamental resonance is at unity~a!
Measured fundamental resonant frequency in vacuum of 10.5 kHz u
in calculations.~b! Modified vacuum frequency of 11.7 kHz used in calc
lations.
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of cantilever beams have ideally rectangular geomet
whereas the other set have some irregularities. These m
surements were used to assess the validity and applicab
of the well-known inviscid model12 and the recent theoretica
model of Sader,21 under ideal and nonideal conditions.

Various modifications and simplifications of the theor
ical model of Sader21 were used in this study, a summary
which is given below:

~i! Viscous model: This is the complete theoretical mod
presented in Ref. 21 and gives the frequency respo
for all modes collectively;

~ii ! SHO model: This model is derived from the viscou
model in the limit of small dissipative effects an
gives the frequency response of individual resona
peaks;

~iii ! Modified SHO model: This model is derived from the
SHO model, neglecting dissipative effects complet
and gives the resonant frequencies in fluid;

~iv! Inviscid model: This model is recovered from the vis
cous model when the fluid viscosity is zero, and giv
the resonant frequencies in fluid.

It was found that agreement between the viscous mo
and the experimental measurements was excellent in
cases. Decreasing the aspect ratios of the cantilever be
and increasing the mode numbers were found to increase
error in the model, as was predicted in Ref. 21. Nonethel
good accuracy~error &10%! was found for the fundamenta
modes~mode 1! and the 2nd harmonics~mode 2! of all can-
tilevers whose aspect ratios range fromL/b54 – 14.29

The SHO model was found to exhibit similar accuracy
the viscous model provided the quality factorQ*1. In such
cases, excellent agreement was observed between theor
experiment for both the resonant frequencies and quality
tors in fluid. These results also established that the ana
with the response of a SHO is justified provided Eq.~6b!
givesQ*1; if Q&1, then such an analogy is invalid.

The modified SHO model was found to accurately p
dict the shift in resonant frequency from vacuum to fluid
cases where the quality factorQ@1. Since this condition is
typically satisfied when AFM cantilever beams are immers
in air, we recommend that this model be used in calculat
the resonant frequency in vacuum from measurements in
as is often required in practice.4,11

In contrast to the above findings, the inviscid model e
hibited large errors in the majority of cases. These err
were found to directly correlate with the Reynold’s numbe
Re, demonstrating that the neglect of fluid viscosity is p
marily responsible for such discrepancies. These findings
dicate that the inviscid model is not generally applicable
AFM cantilever beams, and if used, may result in signific
errors.

This study has demonstrated that the frequency resp
of AFM cantilever beams immersed in fluid can be grea
affected by the fluid viscosity. The resulting viscous effe
not only broaden the resonance peaks, but also have a
matic effect on the resonant frequencies. Consequently,
inclusion of viscosity in the analysis of the frequency r
s
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sponses of AFM cantilever beams immersed in fluid is
sential.
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APPENDIX

In this Appendix we describe the experimental proc
dures and methodologies implemented in this article.

All measurements were performed on a Digital Instr
ments Nanoscope III Multimode AFM.25 The practical can-
tilevers were also obtained from Digital Instruments, and
identical to the cantilevers used by Walterset al.,5 whereas
the calibrated cantilevers were procured from Park Scien
Instruments.11,23 The plan view dimensions of all cantilever
were measured with an optical microscope, using a 1mm
diffraction grating as a calibrant. The thicknesses of the c
tilevers were obtained using a scanning electron microsc
to within a tolerance of 10 nm.

The thermal noise spectrum of each cantilever was
tained in the following way. The cantilever signal was me
sured using the optical deflection system of the Nanosc
III Multimode AFM, with the detection laser beam focuse
on the end of the cantilever. This signal was amplified a
digitized at a frequency within the range 1–1.6 MHz using
data acquisition board.31 The digitizing frequency was varied
and optimized to eliminate alias peaks. Multiple measu
ments of;10 ms in duration were made of each cantilev
medium combination. The signals were then windowed w
a Hanning function, Fourier transformed, and averaged
gether using LabVIEW software32 to give the required ther-
mal noise spectrum.

Where possible, the individual resonance peaks were
ted to the amplitude response functionASHO(v) of a simple
harmonic oscillator, with an added white noise floor, i.e.,

ASHO~v!5F Awhite
2 1

A0
2v0

4

~v22v0
2!21

v2v0
2

Q2
G 1/2

, ~A1!

whereAwhite is the amplitude of the white noise floor,A0 is
the zero frequency amplitude of the response,v0 is the reso-
nant frequency in the absence of dissipative effects, anQ
is the quality factor. These four parameters were obtai
by performing a nonlinear least-squares fit to data near
peak of each resonance.26 This approach allowed for eas
and accurate determination of the resonant freque
~60.1% in all media! and quality factor~61% in air, and
60.1 in liquid!.

To measure the vacuum resonant frequencies of the
tilever beams, the AFM was placed in a specially construc
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bell jar, adapted so that the photodiode voltage and A
control leads could be fed in through the base. The bell
was evacuated on a vacuum line down to a pressure
mTorr. We note that below 100 mTorr, there was no visi
variation in the resonant frequencies, which is in line w
previous observations.4 Lowering the gas pressure only in
creased the quality factor of the response.

It is well known that the material properties of fluids a
strongly dependent on temperature. Consequently, the
perature inside the fluid cell of the AFM was measured wh
the spectra were being collected. This was performed by
serting a small type K thermocouple into the fluid cell via
small access hole. The thermocouple read out was accu
to within 60.1 °C. To ensure the spectra were measured
constant temperature, the cantilevers were allowed to t
mally equilibrate with their surroundings for approximate
15 min. All measurements were made at a temperature
27 °C. The viscosities and densities of the fluids were sub
quently obtained from published data.33

The material properties of the practical cantilevers w
determined using the following calibration procedure. Ind
pendent measurements were made of~i! the spring constantk
of the cantilever, using the method of Clevelandet al.,34 and
~ii ! its fundamental resonant frequency in vacuumvvac,1.
The density of the cantilever was then determined using
result4

k50.2427rchbLvvac,1
2 . ~A2!

We emphasize that this formula is valid for cantilevers co
posed of a single material, as well as composite cantile
beams, i.e., beams consisting of more than one layer. In
latter case, the densityrc is the average density of th
cantilever.4,22 Since all the practical cantilevers are from t
same chip, their material properties are expected to
identical.4 Consequently, by calibrating a single cantilev
the material properties of all the cantilevers can be de
mined. To minimize the effects of the imaging tips a
cleaved ends, the longest practical cantilever was chose
calibration. Noting that the error in the method of Clevela
et al. is ;10%,4 this calibration procedure gave an avera
density ofrc55.360.5 g cm23 for the practical cantilevers
Interestingly, a subsequent calibration of the other pract
cantilevers also gave values within this error bound.
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